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We studied the short proton free induction decay signals and the broad 1H NMR spectra of Mg(OH)2 and Ca(OH)2
powders at 77−355 K and 42 MHz using pulsed NMR techniques. Using a Gaussian-type back extrapolation procedure
for the obscured data of the proton free induction decay signals, we obtained more precise values of the second moments
of the Fourier-transformed broad NMR spectra than those in a previous report [Y. Itoh and M. Isobe, J. Phys. Soc. Jpn.
84, 113601 (2015)] and compared with the theoretical second moments. The decrease in the second moment could not
account for the large decrease in the magnitude of the intrinsic proton spin-lattice relaxation rate 1/T1 from Mg(OH)2
to Ca(OH)2. The analysis of 1/T1 ∝ exp(−Eg/kBT ) with Eg ∼ 0.01 eV points to a local hopping mechanism, and that of
1/T1 ∝ T n with n ∼ 0.5 points to an anharmonic rattling mechanism.
1. Introduction
The divalent hydroxides of M(OH)2 (M = Mg, Ca) have a
CdI2-type structure with broken site-symmetry at the hydro-
gen site. The atomic displacement parameters of the proton
at the 6i Wyckoff site (x, 2x, z) in P3 are large1, 2) and com-
parable to those of the rattling ions in the cage structures of
pyrochlore systems.3) Theoretical computer analyses indicate
anharmonic motion and temperature-dependent angular cor-
relation of the OH groups.4, 5)
In recent pulsed NMR experiments for Mg(OH)2 and
Ca(OH)2 powders,6) we have found that the free induction de-
cay (FID) of the proton magnetization is a superposition of a
short decay in ∼ 30 µs and a long decay in ∼ 1 ms. Then,
the corresponding frequency spectra show the superposition
of broad and narrow components, which are assigned to in-
trinsic immobile protons and extrinsic mobile protons, respec-
tively.6, 7)
Long before our reports, the pulsed NMR studies on proton
motion showed nonexponential proton spin-lattice relaxation
curves8, 9) and a slowing down effect for Ca(OH)2.9) However,
our pulsed NMR studies revealed the nonexponential relax-
ation of the long FIDs (narrow components in the frequency
spectra) and the single/nearly single exponential relaxations
of the short FIDs (broad components in the frequency spec-
tra) for Mg(OH)2 and Ca(OH)2.6, 7) No slowing down effects
were reproduced. The details of our NMR studies on the nar-
row components were reported in Ref. 7. Now, we revisit the
broad components and the NMR analysis for the intrinsic pro-
ton NMR signals.
The proton dipole field is so strong causing a short FID
of the proton magnetization (nuclear spin I = 1/2) in hydro-
gen compounds. In the actual pulsed NMR experiment, an
obscure portion of the FID following an excitation r f pulse
prevents us from obtaining the full lineshape of a Fourier-
∗E-mail:yitoh@cc.kyoto-su.ac.jp
transformed (FT) frequency spectrum because of the lack of
the short-time decay. How to handle the obscured portion of
the FID following the excitation pulse is an issue in Fourier
analysis.10) The time shifting of a single exponential FID
placed at zero time leads to a Lorentzian spectrum regardless
of the zero. However, a time-shifted Gaussian decay does not
lead to a simple Gaussian lineshape. The dead time data of the
FID also prevents us from obtaining the precise value of the
second moment of the FT NMR spectrum.
In Mg(OH)2 and Ca(OH)2 powders, the short proton mag-
netization decays with slight oscillation.6) Figure 1 shows the
proton FID signals F(τ) for the Mg(OH)2 powder at 77 and
355 K, where τ is the time following an excitation r f pulse, at
a Larmor frequency νL of 42.5772 MHz in an external mag-
netic field of 1.0 T. The sample preparation and characteriza-
tion have been carried out in previous studies.6, 7) The oscilla-
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Fig. 1. (Color online) Proton free induction decay (FID) signals F(τ) for
Mg(OH)2 powder at 77 and 355 K. The length of an excitation r f pulse is 4
µs. The FID below 10 µs is obscured. Solid curves are the results from the
least-squares fitting using an analytical function given by Eq. (1).
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tion is a Lowe beat in the FID due to a nuclear dipole−dipole
interaction.11) The oscillating decay can be traced back to the
magnetic dipolar lineshape of a more rectangular type than
a Gaussian type.12) The short part of the FID (τ < 10 µs) is
obscured by probe ringing and/or dead time. Since the decay
time of the FID is typically ∼30 µs, the time shifting of an
FID placed at zero time may lead to a spurious FT spectrum.
Although a solid echo can be helpful for determining zero
time of FID signals for dipolar-coupled systems,13) a recent
analysis using a Gaussian back-extrapolation procedure for
the obscured FID provides us with an alternative convenient
method.10) The NMR spectrum from the composite FID is
confirmed to be nearly identical to the magic-echo spectrum
for some hydrides,10) and then the extrapolation procedure has
been applied to various hydrogen compounds.14–17)
In this paper, we adopted a replacement procedure to ana-
lyze the proton FID for Mg(OH)2 and Ca(OH)2, which made
the FT-NMR analysis better than that in a previous report.6)
The portion of the FID obscured by probe ringing and/or dead
time was replaced by the extrapolated data using an analytical
fitting function. We report the detailed analysis of the FID and
the broad components (intrinsic protons) in the NMR spectra
for Mg(OH)2 and Ca(OH)2 powders, and discuss possible re-
laxation mechanisms of the intrinsic proton spin-lattice relax-
ation rate 1/T1.
2. FID Analysis
The observable part of the FID was extrapolated back to
zero time using an analytical decay function, which jointed
the extrapolated data to the part not obscured by probe ringing
and/or dead time. Then, the resulting composite FIDs were
analyzed by Fourier transformation.
We adopted the following modulated Gaussian function,12)
F(τ) = F(0)exp
[
−a
2τ2
2
]sinbτ
bτ , (1)
where F(0), a, and b are fitting parameters. The second mo-
ment M2 of the frequency spectrum is given by
M2 = a2 +
1
3 b
2, (2)
and the half-width of the frequency spectrum is given by
∆ν =
√
M2. (3)
In Fig. 1, the solid curves are the results from the least-
squares fitting using an analytical function given by Eq. (1)
for τ < 40 µs. Figure 2 shows the temperature dependences of
the decay rates a and b for the short FID, and the half-width
∆ν for NMR spectra in Mg(OH)2 (left) and Ca(OH)2 (right).
Open symbols are the theoretical values estimated from Van
Vleck’s second moment formula for the homonuclear dipole
coupling on a rigid lattice. The lattice constants and the site
parameters in the neutron diffraction data were adopted for
the estimation.1, 2)
The temperature dependence of a in Mg(OH)2 is different
from that in Ca(OH)2. One should note that a and b are phe-
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Fig. 2. (Color online) Temperature dependences of decay rates of a, b, and
a half-width ∆ν for broad NMR spectra at νL = 42.5772 MHz in Mg(OH)2
(left) and Ca(OH)2 (right). Open symbols are the theoretical values estimated
from the rigid-lattice dipole fields through Van Vleck’s second moment for-
mula. The dashed lines are visual guides.
nomenological parameters in the second moment of Eq. (2).12)
Then, we have no theoretical accounts for the difference.
The experimental half-widths ∆ν’s of Ca(OH)2 are about
0.7 times those of Mg(OH)2. This is reasonable, because
the lattice constants of Ca(OH)2 are longer than those of
Mg(OH)2.1, 2) Qualitatively, the lattice expansion through
Van Vleck’s formula reproduces the decrease in ∆ν from
Mg(OH)2 to Ca(OH)2. In Fig. 2, however, the experimental
∆ν (closed symbols) of Ca(OH)2 more steeply decreases with
heating than the theoretical ∆ν (open squares) on the rigid lat-
tice.
The obscured parts of the short FIDs below 10 µs in Fig. 1
were replaced by fitting Eq. (1) to the unobscured data. Fig-
ure 3 shows the FT-NMR spectra of the extrapolated FIDs
for Mg(OH)2 and Ca(OH)2 at 355 K and νL = 42.5772 MHz.
NMR spectra consist of broad and narrow components, which
were assigned to intrinsic (immobile) and extrinsic (mobile)
protons, respectively.6) The narrow spectra come from the
long FIDs (60 µs < τ < 2 ms),7) which are out of the frame of
2
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Fig. 3. (Color online) FT-NMR spectra for Mg(OH)2 and Ca(OH)2 at 355
K and νL = 42.5772 MHz. NMR spectra consist of broad and narrow com-
ponents, which are assigned to intrinsic (immobile) and extrinsic (mobile)
protons, respectively. The broad components are of rectangular type rather
than Gaussian.
Fig. 1. The broad components of the pulsed FT-NMR spectra
are compatible with the NMR absorption spectra measured
by the continuous-wave method.18–20) Not simple Gaussian
but rectangular-type line shapes characterize the broad com-
ponents. The intensities of the broad components relative to
the narrow ones were underestimated in the original analy-
sis6) and were properly corrected in a previous report.7)
3. Proton Spin-Lattice Relaxation Rates of Broad Com-
ponents
Figure 4 shows the temperature dependences of the intrin-
sic proton spin-lattice relaxation rates 1/T1’s (upper panel)
and 1/T1T ’s (lower panel) of the broad components for
Mg(OH)2 and Ca(OH)2, which are reproduced from previous
reports.6, 7) The temperature dependence of 1/T1 for Ca(OH)2
is parallel to that below 200 K in Ref. 9.
The concentration of a hypothetical impurity spin-1/2 was
estimated to be at most 99 ppm for Mg(OH)2 and 56 ppm
for Ca(OH)2 from Curie magnetism in the bulk magnetic
susceptibility.21) The NMR measurement is a touchstone to
test whether the impurity is substituted or mixed. Finite ef-
fects of the dilute magnetic impurities on the relaxation rates
are excluded, because all the proton magnetizations in the
broad component recover with a single exponential function
for Mg(OH)2.6) The stretched exponential relaxation with the
variable exponent β of ∼ 0.9 for Ca(OH)2 may be due to some
impurity effect.7) However, the fact that T1 for Ca(OH)2 is
about 10 times longer than that for Mg(OH)2 is in contrast to
the impurity effect.
The magnitude of 1/T1 for Ca(OH)2 is about 0.1 times that
for Mg(OH)2. Both 1/T1T ’s monotonically decrease as tem-
perature increases. This is in contrast to the conventional Ra-
man scattering of acoustic phonons, by which 1/T1T increases
as temperature increases.12)
In general, the proton spin-lattice relaxation rate 1/T1 is
proportional to the coupling constant of (∆ν)2 (second mo-
ment).12, 22, 23) ∆ν for Ca(OH)2 is about 0.7 times that for
Mg(OH)2. Only the decrease of 0.49 in the coupling constant
of (∆ν)2 is insufficient to account for the large decrease of 0.1
in 1/T1.
The higher atomic mass of the Ca ion than that of the
Mg ion and the lattice expansion from Mg(OH)2 to Ca(OH)2
cause frequency shifts in lattice vibration modes, which in op-
tical phonons were observed by Raman spectroscopy.24) The
lattice expansion is also expected to lead to the lower De-
bye frequency of Ca(OH)2 than that of Mg(OH)2. The Raman
scattering of acoustic phonons leads to 1/T1 ∝ (∆ν)2ΘDT 2
with a Debye cut-off frequency ofΘD ∼ a−1H (aH is the nearest-
neighbor proton−proton distance).12) We estimated the de-
crease of ∼ 0.4 in (∆ν)2ΘD from Mg(OH)2 to Ca(OH)2, which
is insufficient to reproduce the decrease in 0.1 in 1/T1.
Figure 5(a) shows semilog plots of T1’s against 103/T .
Solid lines are the results from the least-squares fitting us-
ing a thermal activation function of T1 = Cexp(Eg/kBT ) with
the fitting parameters C and Eg. We estimated the activation
energies of Eg = 0.011 eV for Mg(OH)2 and 0.012 eV for
Ca(OH)2. These values are smaller than the previous NMR
estimation of 0.21 eV for Ca(OH)2,9) the activation energy of
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Fig. 4. (Color online) Temperature dependences of the intrinsic proton
spin-lattice relaxation rates 1/T1’s (upper panel) and 1/T1T ’s (lower panel)
at 42.5772 MHz for Mg(OH)2 and Ca(OH)2 powders, which are reproduced
from previous reports.6,7) The magnitude of 1/T1 for Ca(OH)2 is about 0.1
times that for Mg(OH)2.
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2.0 eV for the proton conductivity,25) and the excitation en-
ergy of 0.4 eV for a proton jump in a local Morse potential.26)
The energy Eg may be the local hopping energy of the proton
over three equivalent positions at the 6i Wyckoff site (x, 2x, z)
in P3.
Figure 5(b) shows log−log plots of 1/T1’s against temper-
ature. The solid lines are the results from the least-squares
fitting using a power-law function of 1/T1 = AT n with the fit-
ting parameters A and n. We estimated the powers of n = 0.54
for Mg(OH)2 and 0.64 for Ca(OH)2, which are inconsistent
with n = 2 of the two-phonon Raman scattering of acoustic
phonons.12) The powers of n = 0.54 and 0.64 remind us of
1/T1 ∝
√
T due to dilute electron gas in semiconductors12)
and due to rattling phonons.27)
In Mg(OH)2 and Ca(OH)2, dilute mobile protons with
Boltzmann statistics may act as the scattering carriers to the
immobile protons. However, the dc conductivity of Ca(OH)2
is much higher than that of Mg(OH)2.25) Since the carrier den-
sity nH is in 1/T1 ∝ nH
√
T ,12) if Ca(OH)2 involves a higher
carrier density than Mg(OH)2, the 1/T1 of Ca(OH)2 would be
higher than that of Mg(OH)2. However, this is in contrast to
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Fig. 5. (Color online) (a) Semilog plots of the intrinsic proton spin-lattice
relaxation times T1’s against 103/T for Mg(OH)2 and Ca(OH)2 .6,7) Solid
lines are the results from the least-squares fitting using a thermal activation
function of T1 = Cexp(Eg/kBT ): Eg = 0.011 eV for Mg(OH)2 and 0.012
eV for Ca(OH)2 . Dashed lines are visual guides. (b) Log−log plots of the
intrinsic proton spin-lattice relaxation rates 1/T1’s against temperature for
Mg(OH)2 and Ca(OH)2 .6,7) Solid lines are the results from the least-squares
fitting using a power-law function of 1/T1 = AT n: n = 0.54 for Mg(OH)2 and
0.64 for Ca(OH)2 .
the experimental results.
Finally, we consider the effect of the anharmonic motion of
the hydroxyl group due to broken site-symmetry.1, 2, 4, 5) The
neutron diffraction experiments indicate the large atomic dis-
placement parameters of the protons,1, 2) which are similar to
those of the rattling ions in the pyrochlore.3) The anharmonic
motion of the proton at the 6i Wyckoff site (x, 2x, z) in P3
can play a role in 1/T1 ∝
√
T in the same way as the rattling
phonons in the pyrochlore systems.27)
4. Conclusions
We analyzed the proton FIDs for Mg(OH)2 and Ca(OH)2
powders using an extrapolation function to the obscured parts
of FIDs, estimated the second moments of the intrinsic pro-
ton NMR spectra, and obtained the rectangular-type broad
FT-NMR spectra. We found a large decrease in the magni-
tude of the intrinsic proton spin-lattice relaxation rate 1/T1
from Mg(OH)2 to Ca(OH)2, which the decrease in the sec-
ond moment is insufficient to account for. Local hopping and
anharmonic rattling motions of the proton are the promising
candidates for the proton spin-lattice relaxation mechanism.
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